In this paper, we define the modified higher-order degenerate q-Euler polynomials and give some identities for these polynomials. Also we give numerical investigations of the zeroes of the modified higher-order q-Euler polynomials and the zeroes of the modified higher-order degenerate q-Euler polynomials.
Introduction
Let p be a fixed odd prime number. Throughout this paper, Z p , Q p , and C p denote the ring of padic integers, the field of p-adic rational numbers, and the completion of the algebraic closure of Q p , respectively. We normalized the p-adic norm as |p| p = 1 p . Let q be an indeterminate in C p such that |1 − q| p < p Let f(x) be a continuous function on Z p . Then, the p-adic q-integral on Z p is defined by Kim et al. (see [11-13, 18, 20] is the ordinary fermionic p-adic integral on Z p (see [2, 4, 5, 9, 14, 17, 19, 22, 25, 26] ). From (1.1), we have Recall that the Carlitz's q-Euler numbers are defined by the p-adic q-integral on Z p as follows:
m q dµ −q (x) = E m,q (see [10, 12] ). Combining (1.6) and (1.3), the Carlitz's q-Euler numbers E m,q satisfy as follows:
with the usual convention about replacing E m q by E m,q , (see [1, [3] [4] [5] 8] ). Then, the modified q-Euler numbers E m,q are defined by Kim et al. (see [8, 12, 23] ) as follows:
From (1.5), we have
Combining (1.7) and (1.4), the modified q-Euler numbers E m,q satisfy the followings:
It is well-known that the Euler numbers are defined by the generating function 9) with the usual convention about replacing E n by E n . From (1.9), we have
Thus, we have
We note that lim q→1 E n,q = E n and that if q approaches to 1, then the equation (1.8) is equal to the equation (1.10). The purpose of this paper is to define the modified higher-order degenerate q-Euler polynomials which are defined from fermionic p-adic integral on Z p and to give some explicit identities for those polynomials. Furthermore, we demonstrate the shapes of the modified higher-order q-Euler polynomials E (r) n,q (x) and the modified higher-order degenerate q-Euler polynomials E (r) n,λ,q (x) (see Figure 1 ) and investigated the zeroes of E (r) n,q (x) and E (r) n,λ,q (x) by using a computer.
The modified higher-order degenerate q-Euler polynomials
Let r ∈ N and λ, t ∈ C be such that |λt| p < p
We note that if we take f(x) = e xt , then, by (1.4), we have
, (see [14, 16, 17, 19] 
where E (r) n are called the higher-order Euler numbers (see [15, 19, 26] ). We also note that
From (2.2) and (2.3), we obtain the following theorem.
Theorem 2.1. Let n ∈ N ∪ {0}. Then we have
In [11] , the modified higher-order q-Euler numbers are defined by Kim to be
The next diagram illustrates the variations of several types of degenerate q-Euler polynomials and numbers. Those polynomials in the first row and the third row of the diagram are introduced by Carliz et al. [1, [3] [4] [5] 8] and Kim et al. [12, 18, 20] , respectively. A research of these has yielded fruitful results in number theory and combinatorics (see [6, 7, 21, 24] ). The motivation of this paper is to investigate some explicit identities for those polynomials in the second row of the diagram.
(degenerate q-Euler polynomials) (see [12, 18, 20] )
t n n! (higher-order degenerate q-Euler polynomials) (see [12, 18, 20] )
(modified higher-order degenerate q-Euler polynomials)
(modified q-Euler polynomials) (see [8, 12, 23] )
(modified higher-order q-Euler polynomials) (see [8, 12, 23]) Recently, Kim defined the higher-order degenerate q-Euler polynomials given by the generating function (see [18, 20] ) as follows:
Accordingly, we define the modified higher-order degenerate q-Euler polynomials given by the generating function as follows:
n,q (x) are the higher-order q-Euler polynomials.
We observe that
where
Using (2.4) and (2.6), we obtain the following Witt's formula.
Theorem 2.2 (Witt's formula).
For n ∈ N ∪ {0}, we have
where S 1 (n, l) is the Stirling numbers of the first kind. By (2.7) and (2.8), we have
Thus, we obtain the following theorem.
n,q (x) are the modified higher-order q-Euler polynomials and that
n (x) are the higher-order Euler polynomials. We note that
Summarizing this, we have the following equation.
Theorem 2.4.
For r ∈ N, we derive
By (2.9), we obtain the following theorem.
Theorem 2.5. For n ∈ N ∪ {0}, we have
n q , (see [8, 12, 23] ).
Theorem 2.6. For w 1 , w 2 , · · · , w n ∈ N with w i ≡ 1 (mod 2), (i = 1, 2, · · · , n), and m 0, the following expressions
are the same for any permutation σ in the symmetry group of degree n.
The modified higher-order degenerate q-Euler polynomials and the higher-order q-zeta functions
In [11, 12] , Kim introduced the generating function of the higher-order q-Euler polynomials. From the generating function of the higher-order q-Euler polynomials, we have [12, 18, 20] ).
(3.1)
From (3.1), Kim [11] defined the higher-order q-zeta functions as follows: , (see [11, 12] ).
For s, x ∈ C with Re (x) > 0, a 1 , · · · , a r ∈ C, the Barnes-type multiple q-zeta functions are defined by Kim [12] as follows: E,q (s, x). By (3.1), we have
Let s = −n (n ∈ N). Then, by (3.4), we have
n,q (x).
By (3.5), we obtain the following theorem.
Theorem 3.2.
For n ∈ N, we have
n,q (x), (see [12] ).
From Theorem 2.3 and Theorem 2.5, and (2.8), we have
(−1)
By (3.6), we obtain the following theorem. Applying (3.7) and using (2.5), we have
By (3.8), we obtain the following theorem.
Theorem 3.4.
For r ∈ N, we have
Replacing t by 1 λ (e λt − 1) in (3.9), and by using (3.1), we have
By (3.10), we obtain the following theorem.
Theorem 3.5. For n ∈ N ∪ {0}, we have
By replacing t by 1 λ log(1 + λt) by in (3.9), and using (3.8), we have
By comparing the coefficients of (3.11) and (3.12), we obtain the following theorem.
Theorem 3.6. For n ∈ N ∪ {0}, we have
m,q (x)S 1 (n, m).
Zeroes of the modified higher-order q-Euler polynomials and the modified higher-order degenerate q-Euler polynomials
This section aims to demonstrate the benefit of using numerical investigation to support theoretical prediction and to discover new interesting pattern of the zeroes of the modified higher-order q-Euler polynomials E (r) n,q (x) and the modified higher-order degenerate q-Euler polynomials E (r) n,λ,q (x). We display the shapes of the modified higher-order q-Euler polynomials E (r) n,q (x) and the modified higher-order degenerate q-Euler polynomials E (r) n,λ,q (x). Next we investigate the zeroes of the modified higher-order q-Euler polynomials E (r) n,q (x) and the modified higher-order degenerate q-Euler polynomials E (r) n,λ,q (x). Let q ∈ C, |q| < 1. For n = 1, · · · , 10, we can draw a plot of the modified higher-order q-Euler polynomials E (r) n,q (x) and the modified higher-order degenerate q-Euler polynomials E (r) n,λ,q (x), respectively. This shows the ten plots combined into one. We display the shape of E In Figure 1 (left), we choose r = 5, λ = 1/2 and q = 1/2. In Figure 1 (middle), we choose r = 5, λ = 1/10000 and q = 1/2. In Figure 1 (right) , we choose r = 5 and q = 1/2. It is obvious that, by letting λ tend to 1 from the curve of E (r) n,λ,q (x) of left side, we lead to the curve of the E (r) n,q (x). By using computer, the modified higher-order q-Euler numbers E (r) n,q and the modified higher-order degenerate q-Euler numbers E (r) n,λ,q are listed in Table 1 . We investigate the beautiful zeroes of the modified higher-order q-Euler polynomials E (r) n,q (x) and the modified higher-order degenerate q-Euler polynomials E (r) n,λ,q (x) by using a computer. We plot the zeroes of the modified higher-order q-Euler polynomials E (r) n,q (x) and the modified higher-order degenerate qEuler polynomials E (r) n,λ,q (x) for n = 50, q = 1/2 and x ∈ C (Figure 2 ). In Figure 2 (top-left), we choose n = 50, q = 1/2, and λ = 1/100. In Figure 2 (top-right), we choose n = 50, q = 1/2 and λ = 1/1000. In Figure 2 (bottom-left), we choose n = 50, q = 1/2 and λ = 1/10000. In Figure 2 (bottom-right), we choose n = 50, q = 1/2 and λ → 0.
Stacks of zeroes of the modified higher-order q-Euler polynomials E (r) n,q (x) and the modified higherorder degenerate q-Euler polynomials E (r) n,λ,q (x) for 1 n 40 from a 3-D structure are presented in Figure 3 . In Figure 3 (left), we choose 1 n 40, q = 1/2 and λ = 1/10. In Figure 3 (right), we choose 1 n 40, q = 1/2, and λ → 0.
It was known that E (r)
n,q (x), x ∈ C, has Im(x) = 0 reflection symmetry analytic complex functions, (see [12] ). However, we observe that E (r) n,λ,q (x), x ∈ C, has not Im(x) = 0 reflection symmetry analytic complex functions (Figures 2 and 3) .
Our numerical results for approximate solutions of real zeroes of the modified higher-order q-Euler polynomials E (r) n,q (x) and the modified higher-order degenerate q-Euler polynomials E (r) n,λ,q (x) are displayed in Tables 2, 3 , and 4. We observe a remarkably regular structure of the complex roots of the modified higher-order q-Euler polynomials E (r) n,q (x) and the modified higher-order degenerate q-Euler polynomials E (r) n,λ,q (x) are displayed in Table 2 . We hope to verify a remarkably regular structure of the complex roots of the modified higher-order q-Euler polynomials E (r) n,q (x) and the modified higher-order degenerate q-Euler polynomials E (r) n,λ,q (x) ( Table 2) . Table 2 : Numbers of real and complex zeroes of E (r) n,λ,q (x) and E (r) n,q (x).
n,1/2 (x) degree n real zeroes complex zeroes real zeroes complex zeroes 1  1  0  1  0  2  2  0  2  0  3  3  0  3  0  4  3  1  4  0  5  4  1  3  2  6  3  3  4  2  7  4  3  5  2  8  4  4  4  4  9  5  4  5  4  10  3  7  4  6 Plot of real zeroes of E (r) n,λ,q (x) and E (r) n,q (x) for 1 n 40 structure are presented in Figure 4 . In Figure 4 (left), we choose r = 5, λ = 1/10 and q = 1/2. In Figure 4 (middle), we choose r = 5, λ = 1/1000 and q = 1/2. In Figure 4 (right), we choose r = 5 and q = 1/2. It is obvious that, by letting λ tend to 1 from the real zeroes of E (r) n,λ,q (x) of left side, we lead to the real zeroes of the E (r) n,q (x). Next, we calculated an approximate solution satisfying E (r) n,λ,q (x) = 0, E (r) n,q (x) = 0, and x ∈ R. The results are given in Tables 3 and 4. , where C E (r) n,q (x) denotes complex zeroes. See Table 2 for tabulated values of R E (r) n,q (x) and C E (r) n,q (x) .
Conclusions
Kim et al., [17] [18] [19] [20] studied some identities of symmetry on the higher-order degenerate q-Euler polynomials. The motivation of this paper is to investigate some explicit identities for the modified higherorder degenerate q-Euler polynomials in the second row of the diagram at page 4. So we defined the modified higher degenerate q-Euler polynomials in the equation (2.4) and obtained the formulas (see Theorems 2.2-2.5). We also obtained the explicit identities related with the modified higher-order degenerate q-Euler polynomials and the higher-order q-zeta functions (see Theorems 3.1-3.6) .
Finally, we demonstrated the comparing three facts between modified higher-order q-Euler polynomials E (r) n,q (x) and modified higher-order degenerate q-Euler polynomials E (r) n,λ,q (x) as follows:
(1) We displayed the shape of E (r) n,q (x) and E (r) n,λ,q (x) (see Figure 1 ) and investigated the zeroes of E (r) n,q (x) and E (r) n,λ,q (x) by using a computer (see Figure 2 and Table 1) . (2) We presented stacks of zeroes of E (r) n,q (x) and E (r) n,λ,q (x) for 1 n 40 from a 3-D structure (see Figure  3 ) and verified a regular structure of the complex roots of E (r) n,q (x) and E (r) n,λ,q (x) (see Figure 4 and Table 2 ). n,λ,q (x) = 0, and x ∈ R (see Tables  3-4) .
